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1. THE SETTING

Consider N bosons on the complete graph Ay on V vertices, interacting via hard-core
repulsion. More precisely we consider the Hamiltonian of a general quantum lattice gas

on AV
HV7N\I’(.T1,...,:L‘N) =
N
— Z Z c(xi,y)[\I/(ml, ey Li—1, Y, Ti41y - - - ,,CCN) — \I/([Eh v ,1‘]\])] (11)
i=1 yeAy
+U(x1,...,zN)¥ (21, ..., 2N), (1.2)

acting on 4,y = {¢(z)|z € Ay}, where we set

0 ifi#tj=xFx;
and U(zy,...,xN) = 7 7 (1.3)
oo if otherwise.

co(z,y) =

<| =

Remark 1.1 (Interpretation of the Hamiltonian). The first line (1.1) corresponds to the
N-fold tensor product of the normalised discrete Laplacian Ay, on the complete graph,
ie. —Ap, d(z) = & > yeny (0(x) — ¢(y)). Hence this line describes N non-interacting
particles, each following an independent simple random walk on the complete graph.

The second line (1.2) encodes the hard-core repulsion constraint; with this we can think
of the trajectories of the particles as random walks conditioned on avoiding each other.

This will be made more precise later.

The main result of [1] is the calculation of the canonical free energy per unit volume

810 6) =~ lim_ < log Z(5,N,V), (1.4)

N/V—=p
1
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{eq:1ine2}

{rem:interpret

{eq:thermolimi



{thm:main}

2

where Z is the canonical partition function and defined as usual as
Z(B,N,V) := Trggme PHVN,

Here Treym is the trace over the symmetric subspace of 74, n. (This essentially encodes
the fact that we are considering bosons.)

2. MOTIVATION AND STATEMENT OF THE MAIN RESULT

As pointed out in Remark 1.1, setting U = 0 would give independent simple random
walks which are considerably easier to analyse. In fact it can be shown that in this case
(i.e. considering a non-interacting mean-field system of bosons) the free energy fo p is
given by

—(p+1)log(p+1) + plog p + Bp if p<poe= g

Bfo,s(p, B) = . “-l(20)
*(pO,c + 1) 10g(/?0,c + 1) + po,c log Po,c + /BPO,C if p = P0,c

while the free energy fo r for the same model, but with fermions instead of bosons, is
given by
Bfo,r(p,B) = plogp+ (1 —p)log(1—p) + Bp. (2.2)

Note how on the complete graph the free Bose gas exhibits a phase transition (this is com-
monly referred to as the Bose-Einstein condensation (BEC)), whereas the corresponding
Fermi system does not. The situation is qualitatively different on graphs that are not as
connected as the complete graph: Since the one-dimensional hard-core Bose system can
be mapped onto a one-dimensional non-interacting fermion gas there is no BEC in 1D
systems and hence we do not expect BEC on poorly connected graphs. An interesting and
open question is hence to characterise those graphs that are sufficiently well connected to
exhibit this kind of phase transition. It is conjectured that graphs with “dimension 3 or
more” exhibit this behaviour.

The aim of [1], however, is to show that this is not merely a phenomenon of the free
Bose gas. Indeed the phase transition survives the introduction of hard-core repulsion of
the particles. The main theorem gives even more detailed information as follows:

Theorem 2.1. The thermodynamic limit (1.4) exists for all values of p € [0,1], 8 € [0, 00)

and is given by
Bf(p,B) = plogp+ (1 —p)log(l —p) + Bp

0 if0< B < B
U=207 (3 _ 6.} + Llog[l — E(B)] + p(1 — p)BE(B) if Be < 3

where 8. = B.(p) = 1_—12p log % € (0,00) and E(fB) € [0,1) is the unique solution of the
equation

(1= 2p)2 4+ 4p(1 — p)E]~ 4 10g L1220 +4p(1 = )]

— 8. 2.3
1 —[(1=2p)%+4p(1 - p)E] 2

= Nl



3. PROOF OF THE MAIN THEOREM

The outline of the proof is as follows:

(1) Derive a random walk representation of Z using a Feynman-Kac type argument.
(Lemma 3.1)

(2) Notice that the relevant properties of the random walk representation can be kept
track of in a 1D time-homogeneous Markov chain. (Lemma 3.3)

(3) Use Ventsel’s theorem to derive a large-deviation principle for the paths of the
Markov chain — recall that we want “% log Zy”. (Lemma 3.5)

(4) Use the contraction principle to express the free energy in terms of a variational
problem involving the rate function from before. (Lemma 3.9)

(5) Analysing the variational problem using Euler-Lagrange calculus.

3.1. A random walk representation.
{lem:RWrepr}
Lemma 3.1. Let Py, 4, . .5 be the joint probability distribution of N independent continuous-
time simple random walks n1(t),...,nn(t) on the complete graph Ay, starting from the
sites x1,...,TN, respectively. Denote by T the first collision time of these random walks

7 :=inf{s > 0|n;(s) = n;(s) for somei,j € {1,...,N},i # j}. Then we have

v

Z(B,N,V) = <N

)Pl,...,N(T > B and {m(B),...,nn(B)} ={1,...,N}). (3.1) {eq:RWrepr}

Proof. Since it is fairly standard the Feynman-Kac argument will only be sketched briefly:
Write our Hamiltonian as Hyy = — SV | A; + ZZ]\LJ U(xz; — xj). The trace of a matrix
can be written as sum over its diagonal entries, so we need to find A(-,-) such that
[e‘ﬁHN,Vf] (x) = ZyeAg A(z,y)f(y). To this end apply Trotter’s product formula to
get

[G*BHN,vf} (z) = lim [(eézfv Aie_%zz]‘vq U(xi—xj))nf} ().

n—o0

_B N s . .. . . B .
Now note that e~ = 2i<i U@ =%) gtil] acts as a multiplication operator, while e» 53 Ais the
generator of the simple random walk on Ay on a time interval of length 5/n (independently
on every coordinate x;). Using this fact repeatedly we arrive at

N
N B i(s)—n;(s))ds
[e_BHNVVf] ($) - Z (H/ ) ‘ S fo e d]P)wlvmny (7717 .- -a77N) f(y)
M Ti—Yi

yehly \i=1

=A(zy)
It is easy to see that to calculate the trace over the symmetric subspace we have to
replace the sum over the diagonal of A (this would correspond to considering N dependent
SRWs conditioned to return to their origin at time 8) by 4 Y oesSy erAg A(z,o(x)),
where Sy is the set of permutations on N elements. This corresponds to considering N

dependent SRWs conditioned to end at o(z) (where x is its starting point and o(x) :=

(':L'O'(l)’ s 7$U(N)))'



{1lem:Markov}

eq:MarkovRepr}

Plugging in the definition of U we obtain

ZENV) =17 Y Y By (r > 8 and i(8) = o),

T1,..,tNEAy 0ESN

which readily gives (3.1). O

Remark 3.2. At this point it might be tempting to proceed analysing (3.1) using a coloring
argument like in the proof of Theorem 2 of [3]. Due to the fized number of particles N,
however, we lose independence of colorings of different sites. Up to different constants, due
to the law of large numbers, one might still expect a similar result as in [3], but the analysis
gets significantly more involved due to the lack of independence. The situation seems to
be very similar to the analysis of the two definitions of Erdds-Rényi graphs: One with a
fized number of edges distributed in a uniformly random way (Erdés’ original definition)
or as a percolation problem on the complete graph; see e.qg. Wikipedia.

Interestingly, this is not the only way cycles enter the analysis of this problem. See e.g.
approaches using a different graphical representation (and representation theory) to extend
the result of [1]: Theorem 1.2 of [4] and Theorem 1 of [5]. Here loops arise, as explained
in [7], by applying the Lie-Trotter product formula to (4.3) and then taking the trace.

3.2. Reducing the problem to a Markov chain. Consider the continuous-time Markov
chain YV on Zs( with unit jump rate and transition rates as follows:
V.N N—-kEV-N-Ek
Pk—>k+1 = N V_N

N 2
=1- 4 EJr k = VN k
V_.NN V-NI\N N

pvN- ﬁ ko _ VN E
k—)k—l_Nv_N_' N

VN _ kY =2k

k%k_ﬁv_N

k k k
1N (EY _vin (R VN ()
" <N> )T \w
Lemma 3.3.

Z(B,N,V) = (;) exp <—Wﬁ> P <YV’N (M,@) = o> . (3.2)

Due to lack of space we do not present the proof here, but chose instead to discuss an
extension of these techniques to different settings:

Remark 3.4 (Generalisation to non-trivial geometries). Until Lemma 3.3 we did not
make substantial use of the fact that we are considering the complete graph. In particular
it is not hard to see that we should not expect to get a one-dimensional Markov chain
encoding the dynamics needed to express (3.1). Clearly the killing rate of YVN will depend
on YVN as soon as the number of particles that are nearest neighbours is not constant

anymore. This problem has been addressed in [3] by choosing a pair potential that cancels


https://en.wikipedia.org/wiki/Erd%C5%91s%E2%80%93R%C3%A9nyi_model#Comparison_between_the_two_models
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these terms. The bigger problem, however, is to find a higher, but still finite-dimensional
analogue of YV that preserves the Markov property of 1{{n:(0)}; = {mi(s)}:}, s € 0, B).

The two requirements, being finite-dimensional and preserving the Markov property,
are hard to fulfill simultaneously: On the one hand we can easily preserve the Markov
property by taking a parameter set that grows in N by considering the N X N matrix
K with K;; = d(x;,x;). This clearly characterises the particle configuration {n;(s)}s
up to isometry; in particular the transition probabilities exist (giving the desired Markov
property) and can be given explicitly. As the dimension of the parameter set grows in'V,
however, it does not make sense to think of a scaling limit. On the other hand we could
take YV'N just as in [1]. But in general (i.e. on all graphs that are not the complete graph)
this is not a Markov process anymore.

Intuitively we do not keep track of enough information; to see that it makes a difference
of how we got to, say, YVN =1 consider the following two paths leading to this point: (1)
We fluctuate between YV'N =0 and YV'N = 1 and (2) since the first time step we have
YVN = 1. In case (1) the one particle that is not in {1,...,N} has to have distance one
from {1,..., N} whereas in case (2) the distance of the particle not in {1,..., N} is likely
to be much larger after a sufficiently long time, hence there is a larger chance of not going
to YV'"N = 0 in the next step.

This suggests that families of growing graphs which are vertezx-transitive and of uniformly
finite diameter should be the most promising ones to extend this proof to. The easiest case
might be the complete bipartite graph Ky (and considerations should readily generalise
to complete k-partite graphs). The “next easiest” case, the 2D Hamming graph, which also
has diameter equal to 2, already seems intractable.* By the lack of (complete) symmetry
of Kv,v we have to consider all the different (up to isometry) ways the set {1,...,N} can
be arranged in Ky, . To this end fix any § € [0,1/2] and consider {1,...,[0N]} in one
cluster (call it left) of Kvyy and {[N]+1,...,N} in the other one (call it right). This
covers all possible cases. Instead of YV'N we consider for each combination of N,V,8 the

Markov chain (CF,CE, R) where
CtL = ‘ntm{la'-'a[éN]}’7 CtR = ’ntﬂ{[dN] +177N}‘

are the numbers of “correctly placed” particles on the left and the right cluster, respectively.
Introduce furthermore Ry, the number of particles in the right cluster. The analogue of
YNV =0 here is OV = [§N],CF = N — [§N]. For example the probability of going from
(CL,CE R) to (CF+1,CF —1,R—1) is given by the probability of picking a particle from
the right cluster times the (conditional) probability of picking one of those occupying some
sitei € {[0N]+1,...,N} (given that we pick one from the right) times the probability of
dropping it on some site j € {1,...,[0N]} that is not occupied by another particle. This

*Where “intractable” means that I was not able to find a uniformly finite-dimensional representation
of the number of nearest neighbour particles; this seems to be the minimal information one needs to keep
track of in order to make 1{{n(0)} = {n(B)}} a Markov process for the reason outlined above.



{eq:LDPdef}

{eq:LDProb}
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gives

R ch SN -ChE
"N RV—-(N—R)
Probabilities for all the other outcomes (C*,Ct—1, R—1),(CF,CE R-1),(C*+1,C! R—
1) and the same with left and right interchanged follow easily by negating (i.e. replacing it

P((Ct,CE R) —~ (C* +1,0% —1,R - 1)) (3.3)

with 1—-) all combinations of the factors in (3.3) (and adjusting the last term accordingly).
Though tedious, one should be able to adapt the rest of the proof for this setting (and
more generally for complete k-partite graphs) as well.

3.3. Ventsel’s LDP for paths. For notational simplicity introduce ¢ = N~!. Recall
briefly the definition of LDPs: A sequence of measures p, on the measure space (X,3)
satisfy a LDP with rate function I (i.e. a lower semi-continuous map X — [0,00]) and
speed n if for all F' € §:
— inf I(x) <liminf 1 log p1, (F) < limsup 1 log pin(F) < — inf I(z). (3.4)
xzeF° n—oo n n—oo N zeF

To obtain the free energy from (3.2) we still have to evaluate
1 1
T log P(YV'N(NG) =0) = P o8 P(NYVN(NG) = 0), (3.5)

with = (1 — p)B. The right hand side suggests to treat it as a large deviation problem
(note that we smuggled in a factor of N=! to make the random paths £° given by

() == N7y N (V)

comparable, i.e. have the same order of magnitude and hence have a non-trivial limit).
The sequence of measures to be considered will be the laws of £&° on the set of cadlag®
functions Dy[0, 6] equipped with its natural topology (i.e. the Skorohod topology; note that
this reduces to the sup-norm topology on the subspace of continuous functions Cy[0, 6]).
Denote furthermore by ACp[0, 0] the subspace of absolutely continuous functions on [0, 6].
In this setting Ventsel [9] proved the following:

Lemma 3.5. The processes £ € Dy|0,6] satisfy a LDP with rate function or “action
functional”

0] foe L(y(s),y(s))ds +6 ify € ACy[0,0] and the integral is finite (3.6)
y| = .
’ o0 otherwise,

where the Lagrangian L is given by

L(z,v) i= 2 log ( VUt dl@)r(e) + v “"”)) P @) 1+ U(x) + r(z)

2 v2 4+ 4l(z)r(x) —vr(z)

=—q(z)

with the appropriately rescaled scaling limits of IV, V"N ¢V'N in the limit lim y,v—e :
N/V—=p

r(z)=1- %px +q f pr‘Q, l(z) = 1 f px2, q(z) =1—-1(z) —r(z).

*This is the natural setting for Poisson jump processes that we are considering.

{eq:transProbK
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Remark 3.6. Note that the expression for the Lagrangian (plus the constant 0) does
indeed coincide with the Laplacian given by Ventsel in [8].

Since the proof is essentially (up to minor modifications) given in [9] we will not delve

into it any further.

Remark 3.7 (Why do we look at paths?). Thinking of the paths as collection of partial
sums of the increments, one might naively wonder whether a LDP for the entire path (as
opposed to just the value of the path at t = 0) is actually needed. If l,7r,q were constant,
the increments would be identically distributed and classical LDP theory, e.g. Cramer’s
theorem, would suffice to get a LDP for the final value (i.e. “last partial sum”).

In this case (a spatially inhomogeneous Markov chain), however, the n-th increment
depends on the (n — 1)-th partial sum. In terms of increments, this introduces a lot of
complicated correlations which should convince the sceptical reader of the need for using
heavy machinery like Ventsel’s result.

Remark 3.8 (A plausibility argument for Ventsel’s result). We want to push the analogy
to Cramer’s theorem a little bit more. To this end we (vaguely) state it in terms of
increments: Let X; be a collection of iid variables and S,, = Z?;l X; be their partial
sums. Consider the log moment generating function G(t) := log E(e!X1) of the increments,
say X1. Then the laws of N"1Sy (N — oo) satisfy a LDP with rate function G* = H
the Legendre transform of G.

Clearly we have G(t) = log E(e'Sm+1=5m)) for all m. Now let the distributions of the
increments X;1 depend on i and S;. Clearly Cramer’s theorem does not apply anymore,
but it suggests investigating the quantity G(k,z;t) := log Ek@et(skﬂ_ﬂ”) and its Legendre
transform (in the last variable only) H(k,xz;-) = G*(k,x;-). Now write N~1Sn; =: ¢(t)
for N large and note that

N (t+6t)

Z Xt + 5t) — o) = ¢ ()6t + o(5t).

=Nt
For suitably continuous paths (and suitable probability distributions of X; changing not too
much as i,S; vary) Cramer’s theorem hence gives that

N (t+6t)

Pr=nNt,o(t)=o ¢'(t) +o(1) = Not Z X; | m e NOHEA1:),
i=Nt

While the variables X; may depend on S;—1 and i, they do not depend on the realisation
of the path leading up to (i,S;) by the Markov property. In particular conditioning on
N~1S; = x essentially makes them (conditionally) independent. But this is just what we
need as we are considering H(t,xz;-). Thus we conclude

P = ¢ +o(1) ~ H e~ NStH(tp(1):¢' (1) ny =N o Htp(t)ig! (1)) dt



{eq:defRate}

m:limitexists}

{eq:Eulerl}
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to obtain a very crude heuristic derivation for Ventsel’s theorem.*

3.4. An application of the contraction principle. Note that the right hand side of
(3.5) is, up to the constant p just elogP(£°(f) = 0). By the contraction principle (the
laws of ) £%(0) satisfy a LDP with rate function

1,(6) = inf{Z, lylly € Cof0, 6] : y(0) = 0 = y(0)}. (3.7)

Recalling the definition of a LDP (see (3.4)), this is barely not enough to prove the following

lemma:
Lemma 3.9. The limit lim, elogIP(§°(0) = 0) exists and is equal to 1,(6).

Sketch of the proof. It is enough to show that —1I,(6) < elogP(£°(0) = 0) < —1I,(0). The
upper bound follows from the above remark and (3.4) since F' = {y : y(0) =0 = y(0)} is
already closed.

The lower bound is more complicated and technical. The main issue is that, since we
want the reverse direction (and all we can use at this point is the LDP), we will have to
work with some open set instead of F'. It remains to show that we can approximate F by
Fs :={y:y(0) =0,y(0 —6) < 0} at a “sufficiently low price”. Due to lack of space we
will not present the full proof here, but note that this is a delicate issue involving some
phase space analysis of the solutions to the corresponding Euler-Lagrange equation. [

3.5. Evaluating the rate function. We want to evaluate (3.7). To this end, note that
every local minimum y in Cy[0, 6] satisfies the Euler-Lagrange equation:

L= 2%, (3.8)
We may thus restrict our attention to solutions of (3.8). Since the Lagrangian L is fairly
complicated an explicit solution seems intractable. Note, however, that the Lagrangian L
is invariant under time shifts. Noether’s theorem thus tells us that vg—f(x, v) — L(x,v) =
\/W(x)r(x) + ¢(x) is constant along trajectories y satisfying (3.8). For every such y
denote its “energy” /9(t)2 + 4l(y(t))r(y(t)) + q(y(t)) = E € [0,00). We conclude that
to at least one E € [0,00) there corresponds at least one solution ygp € Cy[0,0] of the

Fuler-Lagrange equation.
Solving /v? + 4i(z)r(x) + q(x) = E for v? (using the definitions of I,7,q) gives v? =
ag(z — bg)? — cp for constants
ap— L= 2p)* +4p(1 - p)E
(1—p)?
(1-p)E
(1=2p)* +4p(1 - p)E
1p(1 - (1 F)
1—2p)2 +4p(1 - p)E

by =

cE:(

*H is used in Ventsel’s paper, here it actually corresponds to our Lagrangian L. For a technically less

(but still) daunting result that includes the key ideas outlined above, see Mogulskii’s theorem.



eq:EulerL_ODE}

This way we obtain for every E € [0,00) two differential equations

95 (1) = £\ Jap(ys(t) — b)? — cp (3.9)

giving two solutions to the Euler-Lagrange equation at most one of which will return to

zero. Denote this one by yg (choose arbitrarily if neither return to 0). It can be checked
that for E' € [1,00) the solutions to these ODEs (with initial condition yg(0) = 0) do not
return to 0. In particular they will not satisfy yz(6) = 0 so we may restrict our attention
to solutions of (3.9) with E € (0,1).

It can be seen that they go up to sup, yg(t) =: Tg = bg — \/% and then return to 0 at
some time

0(E) :==inf{s > 0: yp(s) = 0}.
Denote by S’(E) the action of this trajectory, i.e.

0(E)
$(F) = /0 L(ys(s),i(s))ds.

First we want to find all & = E(6) € (0,1) such that 6(E) = 6. Writing §(E) = 2 [ yEdfx)

we obtain

A 1—p e LTV =20 +4p(1 - p)E
= \/(1—20)2+4p(1—p)El f1- VA =2p)2 +4p(1 — p)E

Note that (0,1) 3 E — 0(E) € R, is a Cs, monotonically increasing function with

and
lim §(E) = co.
E—1
Hence, for any 0 € [0., c0) there is a unique E(f) € [0, 1) satisfying

0(E) =90, (3.10)

while for 6 € [0,6.) (3.10) has no solution. This just means that for 6 € (6., c0) the Euler-
Lagrange equation with initial and final conditions y(0) = y(#) = 0 has two solutions: (1)
Yo(s) = 0, (2) Yg(s), where the second one minimises the action functional in (3.7). For
0 € [0,0.) the only solution is (1). Noting that L(0,0) = 0 we thus arrive at

0 if 6 € [0,0.]

PO == 50 0c @00

It remains to simplify S(E(€)). This calculation is carried out in the paper. The essential
steps are as follows:

e Realise that using the conservation law (3.9) and the definition of L we can write
S(E) as

S(E) = /;E log £ 4lw) + ZE(””) dz — EO(E).

{eq:thetaE}
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e Calculate the derivative of S(E) with respect to E to obtain

ds do
d—E(E) - —Ed—E(E).

e Combining the above two steps we get

0
S(E(6)) = — /9 E(0)do’

for 6 € (6., 00).
e After integration by parts one finally concludes the desired result:

L) -0 0 if 6 € [0, 6.]
p —v= _9,)2 )
G220 — 00) + 5 log(1 — E(0)) + 0E(0) if 0 € (6, 00).

4. IMPLICATIONS OF THE RESULT

While an exact formula for the free energy of some system certainly has many implica-
tions for this system, we want to focus on implications for the spin—% quantum Heisenberg
ferromagnet (QHF). To the novice the connection is not obvious, but tacitly assumed to
be known in the literature (see e.g. [4] (Theorem 1.2), [5] (Theorem 1) for an incomplete
list of extensions of [1]) so let us sketch it briefly:

4.1. Equivalence of SSEP and QHF. Fix some set A, S = 1/2 (note that the con-
struction below works for general S € %N) and consider the Hilbert space
T = ®(C2 ~ span{(+1)"},
zeN
with Hamiltonian
Hy=J)Y SLS,+ 825, + 8355,
Ty

Here {S? ;2\23 are hermitian matrices on C25*! = C2* satisfying the following properties
for all z € A:

(S, S2] =S5, [S2,83]=iS,, [S3, 8] =Sz, (4.1)
(S1)2 4 (S2)2 + (S3)2 = S(S + 1)id = Zz’d.

Existence follows by construction: Let [a), a € {£3} denote an orthonormal basis of
C29+1 = C2. Set S%|a) := ala) and define SF by

SEla) :==+/S(S+1) —a(a+1)jat1).

After setting S = (S +5;) and S2 = (S} — S;) it can easily be checked that the

relations in (4.1) are satisfied.

*It is easier to introduce them on C2, but by abuse of notation they act on J# as S& ® 1dA\{z}, Where
idA\{I} is the identity in ®yeA\{z}C2~
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Note that S% correspond to bosonic creation and annihilation operators a,, a, respec-

tively. An quick calculation furthermore reveals that

ng = ata, = S S, =53+ %,

so the expected total number of particles ), (n.) divided by |A] (this is equal to p in the
setting of [1]) is equal to 3 + m, where m := ﬁ > 2en(S2) is the average magnetisation.

Note that the measure with respect to which we are taking expectations has not been
defined yet. For observables A expressed in terms of spin operators the natural measure
is (A) == %. In order to get that p = % + m we need to show that the generator
of the Symmetric Simple Exclusion Process (SSEP) L, is unitarily equivalent to Hy (in
that case the expectations will be the same). The following exposition will closely follow
[6].

From (1.1) it is not hard to see that Hy y (our L) actually admits the following (more
concise, but less explicit) representation:

Lf(n) = e(x,y)(f(n) = f(n"™)),

r~y

where 1 : Ay — {0,1} with >° ., 7. = N indicates whether a particle is present at
site x € Ay and ™Y is the configuration n with the values at x and y interchanged. We

consider now the explicit isomorphism

F=>" fm)n).

Clearly we have S3|n) = (1, — 3)|n) and it is also not hard to see that
1
i 2(Sy8, + 5257 + 5350) =1 = Ty, (4.2)

where T, |a,b) := |b,a). To see that under the isomorphism given above SSEP becomes
the QHF we calculate its action:

Lf(n) = > _ Lf(n)n)

n
=3 el y)(f(n) = F(0™))In)

e~y n

=2 clzy)(L = Tuy) f(m)m) (4.3)

Ty

=y,

with J = 2¢ (if ¢(x,y) = const), up to an additive constant in the Hamiltonian (which is

sometimes added).

{eq: Txy}

{eq: TxySSEP}
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4.2.

SSEP < QHF correspondences.

e To the (conserved) number of particles N = pV in SSEP corresponds the (con-
served) sum of spins in direction 3, i.e. the total magnetisation.

e To the unique invariant measure of SSEP (the uniform measure) corresponds the
ferromagnetic ground state with magnetisation N — V//2.

e The spin flip symmetry (|3) — —|3)) corresponds to N — V — N, a slightly more
subtle symmetry in the SSEP picture which can also be seen directly as follows:
Since we are dealing with indistinguishable particles we can only “see swaps of
particle with no particle” (see (4.3) and the definition of T},). In particular the
roles of particle and no particle are completely symmetric; this symmetry would
be lost if we were allowed to distinguish particles as one could then swap particles,

but swapping “no particles” doesn’t make sense.
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